
 

Lectures

we are going to start with the conjugacy classes

mi Sn
Recall that conjugacy classes are just orbits for

the conjugate action of a group onto itself In a

previous lecture we saw the conjugates and conjug

acy classes in Sz Here we want to see conju

gates and conjugacy classes in Sn So let's start
with some examples and try to analyze the
situation there

Recall that any r c Sn can be

written as a product of disjoint cycles So we'll

only work w disjoint cycles
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Consider Sy and let T 125 43

Let's find what the conjugate action of T on

some re Sp is
Note that T 1253143 43541255

43 152

i let 0 375 Then T T Tone 1

TOT 125 43 375 43 152

I 47 471

Note that Tot is again a 3 cycle Moreover
the entries of Tot are just the images of
the entries of o under R as Tl3 4

c 7 7

Tls

ii 0 17 54 23



Then TOT 125 43 1754 23 43 125

271 3 54

Again To T has the same cycle typedecompositionas 0 and the entries in To T are

just the images of the entries in o under T

Let's change it and see g the same

thing happens or not Suppose I 1543

i 0 37 5 Note that I 1345

Then To I I 1543 375 1345

741 174

Again Tote has the same cycle type asf and

the entries in To T are just the images of
entries in P under T



ii O 1754 23

To T k l 543 1754 23 1345

574 3 27

Again Tote has the same cycle type asf and

the entries in To T are just the images of
entries in P under T

All this examples basically tell us that given
r c Sn any conjugate to 0 has the same

cycle decompositiontype as 0 and we can explicitly

find the entries too More precisely

TheoremL Let t e Sn Then H T E Sn Tor 1

has the same cycle decomposition type as T More

over the entries of Ta T t are obtained by
just writing the images of corresponding entries



of 0 under T

Proof Suppose

F 9 Az An b bz bm

In order to prove the theorem we just need to
show that g for i j e 1,2 in

i j then

tore sends Tci to Tej as then we

just replace the entries in 0 by their images
under 2 which will also keep the same

cycle decomposition type
Now Tot Eci Toei Tej
D To T t sends Tci to 4J and hence

the theorem is proved
la

So now we know that any conjugate of 0



has the same cycle decomposition type as 0

Is the converse true i e any d c Sn which

has the same cycle decomposition type as 0

is conjugate to P which is to say that must
there be a Te Sn s t A To T t

It's enough to give an algorithm for finding
T once we are given A and T

Again let d o c Sy a 1235 and

f 1374 We want to find a re Sey Soto

TOI D We follow the following algorithm

1 Write both a and o as a product ofdisjoint
cycles and write the cycles in increasing order

of their lengths We must include the 1 cycles too



2 From Theorem 1 we know that j o and L

were conjugates then the entries of a are just
the images of the corresponding entries of o
under T So for finding 7 we reverse engineer

i e look at the corresponding entries in 0 and

a and write it as that permutation which will

make Theorem I work Let's see an example to

understand this fact

Following D we write a and o as follows

5 2

2 5 6 1374 4 6 7 1235

i e we write o and o in increasing order

of the lengths of the cycle including the l cycles
Since there are more than one l cycle it doesn't

matter in which order you write them



Now if a TRI 1 then from Theorem 1

it should send 21 74
5 1 6

6 i s 7

I I

3 2
7 3
4 5

writing that as cycles T 245673

and one can check that indeed Trt 1 2

Let's see another example
Let P d C Sq O 15 349 682

and A 23 896 517

we want to find Te Sg s t Tot L

We follow 1 and 2 of the algorithm



T d

7 15 349 682 4 123 896 517

Note again that we have written the l cycle

too and it doesn't matter in which order you
write the two 3 cycles They mightgive different
T's but all them will satisfy TFT D So

we get that
There can be many 7 in Sn s t Tot L

for a given r and d in Sen

Now we do 2

I must send 7 04 It 2 5 3 3 8,4 9
9ns 6 6 5 8 L Z F so

I 749653812 and one can check that

TOT 0

In fact there is nothing special with these

examples and the same procedure will work for



any Sn giving

theorem If 0 a c Sn have the same cycle

decomposition type then they are conjugate to each

other i e F T ESn s t Tot 2 Moreover

it can be explicitly found by following theproceduresin the algorithm

So combining Theorem 1and 2 we get the following
important result

Let r e Sn Then 2 E Sn is conjugate to t ie

de Oa if and only if r and a have the same

cycle decomposition type

So for example g G Sg and o 1234



then all other 4 cycles are conjugate to rend

only 4 cycles are conjugate to r Thus

10,1 of 4 cycles
But the number of 4 cycles are 74 4

I
512 4 5 5 3 2 14

4 30

So 10,1 30 But from the O S Theorem

Is I lool I stab G 1 and for the
conjugationaction Stab r Clo centralizer of0

thus we get ICHI 151
I Orl 30
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5 X 4 4

4 4

But ej you follow the argument above then

there was nothing special about Ss or a 4 cycle

Let t e Sn be an M cycle Then from
Theorem1 and 2 all m cycles in Sri are the only
conjugates b t

look nom xm 1 xm
m xin m

m
m

n.Cn D n n m

m

SO IOpt ne n Don n m 11

lm

and hence from the O S Theorem we get that



n lICKY Isnt
no Cn D n Cn m 11lool

M

m Cn m

Thus forany m cycle in Sn

1CCo l m.Cn m

x x

Finally we want to prove Cauchy'sTheorem

for any group using group action Earlier we proved
Cauchy's Theorem for abelian groups only

TheoremECauchi Let G be a finite group and
let to be a prime s t pl lGI Then G has an
element of orderp



Proof 0 Consider the set X

X G ga gp e GxG G gig oogp e
f times

i e we are considering those f tuples in
GxGx G sot their ordered product e

f times

Note that Is is the same brine as in the

hypothesis of the theorem Also o each gaCG

ie i ep we are just multiplying themtogetherand getting e

Now Le e e E X Xt
me

f times

Also ej g igp EX then there are 1Gt

choices for g 1Gt choices for Gz IGI choices

for Gp However since 9,92 g p e



Gp g ga Gp D Gp has

only one choice once we have chosen 8 igp
Thus 1 1 1Gt Since that

10 1 1

Consider an action of Rp on X by
1 g iga Gp 92,93 I Gp G

i e if 1 acts on Cg gs Gp then we shift
the elements towards the left by 1place
Similarly 2 GeGa93 iGp Gz Gpi9,192

so we shift every element towards left by
Q places
Check O The above is a group action



By the Orbit Stabilizer Theorem if seeX
10 1 1241 as 2p is acting on X

D tf see X 10 1 1oof

Also the orbits partitions X

I 10 1 1 1
a X

o from f 1 1 p I I 10 1
now since 10 1 can have size either 1 or p
p either all orbits have size Is or

if atleast one orbit has size I there

must be atleast p orbits w size 1 as only
them will be satisfied

Now w the above action of Ip on X
IOce e e I I



Thus there must be atleast p D elements

in X not equal to Le e with their

orbit size as I

If 1g gs gp e X w 10cg
ge

t

their L G Gp G 9 p

p 92193 aGpG 91 i 9ps

92 9
93 92 D G 92 gp g
i say9 9p

Now g gs Gp C X 9,9 9p e

g g g e p gP e
me

p times
cord g If ordcg7 1 or ord p

If ordig l g e g gp le ie

which is not possible



Thus ord g p and hence G has an

element of order p
Di

o X X o


